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In this work we examine two recent effective shell model interactions, JUN45 and JJ4B, that have 
been proposed for use in the f5/2,P3/2,Pi/2,g9/2 model space for both protons and neutrons. We 
calculate a number of quantities that did not enter into the fits undertaken to fix the parameters 
of both interactions. In particular we consider static quadrupole moments (Q's) of excited states 
of the even-even 70_76 Ge isotopes, as well as the B(E2) values in these nuclei. (We have previously 
studied 70 Zn isotopes using JJ4B.) Some striking disagreements between the JUN45 prediction 
and the experimental results had already been noted for the quadrupole moments of the 2f states 
of these nuclei. We investigate whether these discrepancies also occur for the JJ4B interaction. 
Subsequently, we also apply both interactions to calculate the Q's of some more highly excited 
states and compare the two sets of predictions regarding the nature of the nuclear states under 
consideration. In order to gain insight into these more complex large-scale shell-model calculations, 
we examine the corresponding and much simpler single-j shell model calculations in the g a / 2 neutron 
shell. 
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I. INTRODUCTION 

To make shell model calculations tractable one must 
limit the number of allowed shell model orbitals that are 
included. One must then find a suitable effective interac- 
tion in the resulting truncated model space. One would 
prefer to construct such an interaction from first princi- 
ples. In practice however, one sets the final parameters 
of a given interaction by optimizing simultaneously, for 
many nuclei, fits to the experimental data for selected 
nuclear properties (usually the level excitation energies 
and the binding energies). This is now normally done 
by a process due to Chung and Wildcnthal known as the 
Linear Combination Method (LC) [l[ ■ An example using 
this procedure can be seen in 0). When the resulting 
interaction is utilized it leads to calculated results for 
these selected nuclear properties that are often in very 
good agreement with the corresponding measured val- 
ues. However, such agreement is not always obtained for 
nuclear properties whose data were not utilized in the 
fitting of the interaction parameters. 

In the present work on the medium mass Germanium 
isotopes we show that two such interactions constructed 
for this region, although very promising, do not always 
yield sufficiently accurate results for some of the nuclear 
properties. Indeed, developing a good phenomenological 
interaction is not a trivial matter. This is especially true 
for the T=0 parts of the two-body interactions, parts 
which are not present for systems of identical particles. 
This challenge has been addressed in @, |j] ■ 

Previously the current authors showed the importance 
of including the g g / 2 shell in explaining the properties 
of 70 Zn[fJ. In that work only one effective interaction, 
JJ4B, was used. Here we continue on to the Ge iso- 
topes using two proposed effective interactions, JJ4B [fj- 



llQ ] and the newer JUN45 [11(, which were constructed 
for the P3/21P1/2 1/5/2 an d 59/2 orbitals for both protons 
and neutrons. The model space consists of a closed 56 Ni 
core plus many valence nuclcons. 



Our testing ground will be the 70 > 72 > 74 > 76 Ge iso- 
topes, where we investigate the B(E2)'s and the static 
quadrupole moment values. These properties were not 
considered in fitting the parameters for either interac- 
tion. We also study, to provide contrast, the excitation 
energies which were involved in the fitting procedures. 



One of the motivations for the present work are the re- 
sults presented for the Ge isotopes in Figure 8 of a recent 
paper by Honma et al [ll|. It is seen that for N > 38, 
with the JUN45 interaction, the E(2f ) values are well de- 
scribed, the B(E2; 2i — > 0i) values fairly well described, 
while the Q(2+) values were not in good agreement with 
the experimental values. We were therefore motivated to 
use the previously-employed J J4B interaction of Lisetskiy 
and Brown [y] to calculate in the same space these same 
nuclear properties. Subsequently we continue using both 
interactions to study the excitation energies, B(E2) val- 
ues, and Q moments of some more highly excited states 
in the Ge isotopes to compare with each other, and when- 
ever possible, with experimental data. 



Finally, to gain insights into the above complex large- 
scale shell model calculations, we compute the static 
quadrapole moments of the 2^~ states of these Ge iso- 
topes with the simpler single-j shell model, using only 
59/2 neutron configurations. 



II. RESULTS 



A. Energies 



Since the excitation energies were used in the fits 
for the interaction parameters, we expect that the cal- 
culations for them with the two interactions will yield 
results in reasonable agreement with the experimental 
data. This is indeed the case. For the E(2+)'s we see 
excellent agreement with the JUN45 interaction in the 
upper-most right hand part of Figure 8 of Reference [ll| . 
In Table I we present the energies for the J w = 2f , Of , 2f, 
and if states of the Ge isotopes calculated with both the 
JJ4B and JUN45 interactions. The fits are pretty good 
except for the JJ4B fits for the Of states. 

With JUN45, the average absolute deviation between 
experimental and calculated excitation energies is 0.133 
MeV. With JJ4B that average deviation is 0.234 MeV 
leaving out the 0^~ states and 0.349 MeV if they are in- 
cluded. The best fit with JUN45 is for 72 Ge with an av- 
erage deviation of 0.068 MeV; with J J4B the the smallest 
average deviation is 0.226 MeV for 76 Ge. If we ignore the 
possible intruder Of state, it would be in 72 Ge, at 0.089 
MeV. 



of larger effective charges, a choice which may be justified 
because our shell-model space is too small, especially for 
the neutrons. 

In the calculated B(E2) results with either interaction 
there is little change across the Ge isotopes, ranging from 
about an 8 to 22 percent change for any specific transi- 
tion. Experimentally more change is seen. 

The experimental value of BE(4+ ->• 2+)/BE(2+ -» 
0^) ratios in these nuclei are for 70 Ge 1.14, for 72 Ge 2.08, 
for 74 Ge 1.24 and for 76 Ge 1.31. In a simple vibrational 
picture the value of this ratio would be 2. 

As is common in LC fit interactions, the B(E2) values 
were not included in fitting either interaction's parame- 
ters. The experimental B(E2) values are indeed not fit 
nearly as well as the energies. With the standard effective 
charges, the calculated results with the JJ4B interaction 
are closer to the experimental results than the JUN45 
interaction. The use of larger effective charges would be 
a sensible decision as excitations from the f^/ 2 orbit are 
not included in the model space and bring the calculated 
B(E2) values closer to the experimental ones. 



C. Static Quadrapole Moments 



B. B(E2) Values 

Next we examine the B(E2) values. The calculated 
values for B(E2)'s will depend on the effective charges 
used. We use the standard e p = 1.5 and e n = 0.5 values 
and present our results in Table II for both the JUN45 
and JJ4B interactions. However, these are not always 
the preferred values. In [llj the values of e p — 1.5e 
and e n = l.le were used with JUN45 resulting in larger 
B(E2) values closer to the experimental values. Values of 
e p = 1.76e and e„ = 0.97e were used with JJ4B in Q also 
putting calculated values closer to experimental measure- 
ments. The experimental values in Table II are derived 



from the NNDC database. In Federman and Zamick 14] 
the calculated neutron effective charge was larger than 
0.5. 

Excluding the 2f — > Of transition which has very small 
B(E2) values both experimentally and theoretically, the 
JJ4B values are almost always bigger by 10 to 30 percent 
than the JUN45 values. 



The experimental value of the B(E2: 
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70 Ge is exceptionally large. Excluding the very small 
Of transition, the experimental B(E2) values are 



9+ 
z 2 



larger than the JUN45 calculated values for every case 
and larger than the JJ4B results in 10 of the 12 cases. 
These experimental values are always larger than 17 
W.u., indicating some collectivity. 

Overall, the calculated values with either interaction 
are clearly smaller than the experimentally measured val- 
ues for 74 ' 76 Ge (which are very similar experimentally) by 
an average of about 40 percent indicating an underesti- 
mate of the collectivity. This can be remedied by the use 



We now look at the static quadrapole moments of the 
2+, 2+, and 4+ states of the ™,72 : 74,76 Ge isotopes. The 
measured and calculated results are presented in Table 
III. For the quadrupole moments, experimental results 
are available only for the 2f states. For the 2f and Af 
states we can only compare the different calculated pre- 
dictions of the two effective interactions. Again the pro- 
ton and neutron effective charges play an important role. 
We continue to use in all of our calculations e p = 1.5 e 
and e„ = 0.5 e. 

We begin by comparing the experimental and calcu- 
lated results for the Q(2^")'s. The JUN45 predictions, 
while in agreement with the measured results for 70 Ge, 
are in disagreement for the other three isotopes. Indeed, 
for the other three isotopes the experimental Q(2^) val- 
ues are larger and negative, indicating a prolate intrinsic 
shape, while the JUN45 results are positive suggesting 
an oblate intrinsic shape. The JJ4B interaction does a 
little better than JUN45. The JJ4B values agree with 
experiment in the case of 70 Ge and 76 Ge but have the 
opposite sign for 72 Ge and while of the correct sign are 
much smaller in magnitude in the case of 74 Ge. The use 
of larger effective charges does not resolve the above dis- 
crepancies. 

We also calculated quadrapole moments for the 2f 
state and 4+ state even though there are no available 
experimental data. Here, we can only compare the re- 
sults obtained with the two interactions. For 70 Ge and 
72 Ge there is some agreement, the signs are the same 
with roughly similar magnitudes. However, the results 
are quite different for 74 Ge and 76 Ge. There the signs 
are always different between the two interactions except 
for the Q(4i) of 76 Ge where the signs agree but there is 



a large difference in magnitude. 

We cannot assess on the basis of Table III which in- 
teraction is better. The disagreement with experiment 
for the Q(2^) are too large for both interactions. But 
our results indicate that more theoretical work must be 
done to improve the calculated values of the quadrapole 
moments of these excited states of the even Germanium 
isotopes. Of course, any experimental measurement of 
the Q(2^") and Q(4]*") would be of great value in clarify- 
ing this picture. 

It is not clear why there is such a large discrepancy be- 
tween the theoretical and experimental Q(2f ) values, but 
the results point out the importance of including data on 
static quadrapole moments when fitting the parameters 
of effective interactions. We note that in the simple har- 
monic vibrational model the static quadruplole moments 
would be zero. The results seem to be very sensitive to 
specific details. We would guess that the problem is not 
so much with the two specific interactions that are used 
but rather with the specific truncated shell-model space 
which is used by both interactions. 

From the collective perspective, we note that the ratio 
of excitation energies E(4+)/E(2^) for the 4 isotopes un- 
der consideration has the respective values of 2.07, 2.07, 
2.46 and 2.80 in 70 Ge, 72 Ge, 74 Ge, and 76 Ge. In the 
simple vibrational model the value of this ratio would be 
two. Thus the two lighter isotopes appear to be more 
vibrational than the two heavier ones. Such a trend is 
also present in the experimental Q(2j~) values where the 
Q(2+) of 74 Ge and 76 Ge are larger. The B(E2) ratios 
data also appeared vibrational in the case of 72 Ge. 

To gain a further perspective for trying to understand 
the behavior of the static quadrapole moments of the 
even Ge isotopes, we consider in the next section the 
static quadrapole moments of the Ge isotopes in a single- 
j shell model. More specifically we consider the <7g/ 2 
neutron subshcll. This is not a totally realistic picture. 
The wavefunctions that we obtain for the even Ge nu- 
clei in our large-scale shell model calculations with ei- 
ther JUN45 or JJ4B are very fractionated, fragmented 
over many shell model configurations. This indicates a 
more collective, rather than a single particle, picture. For 
example with the JUN45 interaction, the "closed shell" 
configuration in 72 Ge with J=0 is only 7 percent. How- 
ever our work does shed light on what happens to the 
static quadrapole moments as neutrons gradually fill a 
single j shell. 



z axis then the particle is orbiting in the xy plane. Thus 
for the ground state of a nucleus with a single valence 
nucleon the shape is oblate and the quadrupole moment 
is negative for this pancake-like situation. 

The formula for the quadrupole moment Q sp of a single 
nucleon is a single j shell is 



lsp 



2j-l 

2(J + 1) 



< r > 



°eff 



(1) 



where sp denotes single-particle values, e e // is the ef- 
fective charge, and < r 2 > is the expectation value of r 2 
in the single-particle state. 

Aside from the case of j= ^ where the quadrupole mo- 
ment is zero, the expression is negative for all half-integer 
values assuming a positive nucleon charge e. The expec- 
tation value with harmonic oscillator wave functions is 
given by 



<r 2 >= (2N + 3/2)b 2 



(2) 



Here N is the principle quantum number (N=2n+1 where 
n is the number of nodes in the radial wave function, not 
counting r= infinity, and 1 is the orbital angular momen- 
tum) and b 2 = H/mu), where m is the nucleon mass and 
u) the harmonic oscillator frequency. The Hco is usually 
evaluated as hw = 45//l 1//3 — 25/ A 2 / 3 or sometimes more 
simply Tilj = 41/A 1 / 3 . 

The Q sp formula can be generalized 12[ to the case 
of n identical particles in a single j shell, with n odd. It 
becomes, for the ground state of an odd nucleus with J=j 
and seniority 1, Q = — WT^TT < r2 > ^ir~ which for 
n=l reduces to Eqn. (1). 

In this simple model, Q is linear in n. As the single j 
shell fills up n goes from 1 to (2j+l). As n increases, the 
quadrupole moment is negative and of decreasing mag- 
nitude till midshell, where Q=0. As n increases past 
the midshell, the quadrupole moment becomes increas- 
ingly positive. It thus follows that at midshell Q vanishes 
and due to the odd symmetry about the midshell the 
quadrupole moment of a hole is minus that of a particle. 

Evaluating Eq. 1 for Q sp for a neutron in the g$ / 2 shell 
with e rie// =l, j=9/2 we find Q sp 



-4b 2 . With A=72, 
b 2 =-- 4.424 fm 2 and Q sp = -17.696 (/m) 2 , a negative 
value as expected. 

We can next use Racah coefficients to evaluate the 
values of the quadrupole moments of the (59/2 ) 2 and 
(gg/2) 4 neutron configurations when these configurations 
are coupled to a total angular momentum I of 2 or 4.J15J] 
The results, using in the calculations the same parame- 
ters as for Qsp, are tabulated in Table IV both in terms 
By definition the quadrupole moment is proportional of their values and in terms of Q sp - We see there that the 



III. 



QUADRUPOLE MOMENTS IN THE g g/2 
SHELL 



to the expectation value of the (2z 



in the state where the m projection is equal to j. 

In a corresponding semiclassical picture for a single nu- 
cleon in a j shell orbiting outside a closed spherical core, 
if the orbital angular momentum vector points along the 



y ) operator states for (gg/2) 2 all have seniority v=2 while for (59/2 



the states can have v=2 or v=4. 

For the (gg/2) 4 configuration there is one special 1=4 
v=4 state that is denoted by v s = 4 in Table IV. That 
state is an eigenstate of any interaction and it does not 



mix with either the 1=4 v=2 state or the the other 1=4 
v=4 state [Hj]. 

We see from Table IV that Q is positive for both the 
1=2 and 1=4 states of the n=2 case and for both 1=2 v=2 
and 1=4 v=2 states of the n=4 case. We can associate as 
a simplistic approximation 74 Gc with n=2 and 76 Ge with 
n=4 (all while acknowledging the fragmented/collective 
nature of the 74 Ge and 76 Ge calculated shell-model wave- 
functions.) Then the single-j shell model signs for the Q's 
disagree with the experimental results but agree with the 
signs of the JUN45 results better than with the signs of 
the JJ4B results. For the {gg/2) 2 configuration for 1=2, 
Q = =fQs P and for 1=4, Q = -0.424Q sp; 

It is interesting to investigate, for various values of j, 
the relationship to Q sp of the quadrupole moment Q(2j~) 
of the (j) 2 1=2 v=2 state. These results are given in 
Table V. Aside from the case of j = § [where Q =0 
as the (3/2) 2 configuration corresponds to the midshcll], 
the ratio of the Q(2\)/Q sp varies very little, always being 
negative and ranging from -0.57 to -0.67. 

One might note that the neutron (59/2 ) 2 1=2 v=2 re- 
sult in Table IV, Q(2+) = 11.797(/m) 2 is very close to 
the values in Table III for 72 Ge in the large shell model 
calculations. This is true regardless of which of the two 
interactions one considers. This cannot however be taken 
seriously. The calculated wavefunctions are highly frac- 
tionated and, furthermore, in the g 2 , 2 neutron configu- 
ration the magnetic moment would be negative (-0.425) 
but from [13i] it is known that in 72 Ge the measured mag- 
netic moment is positive. One possible explanation is 
that a P]/2 particle has no quadrupole moment. So if the 
low-lying configurations are dominated by pi/2 and gg/2 
neutrons, then only the g 9 / 2 would contribute. 

In the simplest shell model picture 72 Ge consists of 
a closed proton shell and a closed neutron shell. The 
last occupied orbits are for the protons p 3 / 2 and for the 
neutrons Pi/2- One simple configuration for the 2 + state 
would be to promote 2 neutrons from pj/2 to gg/2- In 
this approximation the results of Table IV would apply. 



IV. SUMMARY 

In this paper, using the even Ge isotopes, we have 
called attention to the importance of trying to include 
as many nuclear properties as possible when fitting the 
residual effective interaction parameters. The excitation 
energies, which were included in such fits, can be calcu- 
lated well. On the other hand, the B(E2) values and the 
Q(%i) values were not included in the fits for the interac- 
tion parameters. Their calculated values, especially for 
the quadrupole moments, are shown to differ substan- 
tially from their measured values. 

The single-j shell model provides some physical insights 
into how the static quadrupole moments behave in a sim- 



ple model as the j shell occupation increases. 

The authors would like to thank Dr. N. Benczer-Koller 

TABLE I: Excitation Energies in MeV for the even-even Ger- 
manium isotopes. Experimental values taken from the NNDC 
database. 





vu Ge 


r2 Ge 


;4 Ge 


Vb Ge 


E(2+) 










Experiment 


1.039 


0.834 


0.596 


0.563 


JJ4B 


0.737 


0.710 


0.737 


0.718 


JUN45 


0.907 


0.814 


0.717 


0.745 












E(0 2 + ) 










Experiment 


1.216 


0.691 


1.483 


1.911 


JJ4B 


1.952 


2.025 


1.937 


2.162 


JUN45 


1.084 


0.761 


1.461 


1.995 












E(2 2 + ) 










Experiment 


1.708 


1.464 


1.204 


1.108 


JJ4B 


1.347 


1.351 


1.371 


1.368 


JUN45 


1.404 


1.375 


1.351 


1.364 












E(4+) 










Experiment 


2.153 


1.728 


1.464 


1.410 


JJ4B 


1.870 


1.698 


1.735 


1.653 


JUN45 


2.027 


1.820 


1.613 


1.637 













TABLE II: B(E2) reduced transition strength in W.u. Ef- 
fective charges e p — 1.5 e n = 0.5 were used. Experimental 
values were taken from the NNDC database. 





vu Gc 


,J Ge 


/4 Ge 


/b Ge 


BE(2i -> 0i) 










Experiment 


20.9(4) 


17.8(3) 


33.0(4) 


29(1) 


JJ4B 


19.68 


19.88 


19.90 


18.24 


JUN45 


14.47 


14.55 


16.59 


16.36 












BE(2 2 -> 2i) 










Experiment 


114(5) 


62(+9-ll) 


43(6) 


42(9) 


JJ4B 


26.55 


29.34 


29.17 


22.94 


JUN45 


23.48 


24.70 


24.88 


25.38 












BE(4i -> 20 










Experiment 


24(7) 


37(5) 


41(3) 


38(9) 


JJ4B 


28.22 


27.62 


27.04 


24.15 


JUN45 


23.65 


25.08 


23.46 


22.04 












BE(2 2 -> 0i) 










Experiment 


0.9(+4-8) 


0.130 (+18 -24) 


0.71 (11) 


0.90(22) 


JJ4B 


1.67 


1.37 


0.12 


0.01 


JUN45 


0.71 


1.21 


1.35 


0.42 













for her interest in this work. 



TABLE III: Static quadrupole moments in (fm) 2 . Effective 
charges of e p — 1.5 and e n = 0.5 were used. N/A indicates 
unavailable data. The experimental data is from [13 ]. 





v,) Ge 


' 2 Ge 


V4 Ge 


; °Ge 


Q(2t) 










Experiment 


3(6) or 9(6) 


-13(6) 


-25(6) 


-19(6) 


JJ4B 


15.13 


10.97 


-5.89 


-14.50 


JUN45 


9.94 


12.85 


12.02 


1.77 












Q(2 2 + ) 










Experiment 


N/A 


N/A 


N/A 


N/A 


JJ4B 


-15.42 


-11.31 


5.37 


15.49 


JUN45 


-13.27 


-13.48 


-11.53 


-0.06 












Q(4t) 










Experiment 


N/A 


N/A 


N/A 


N/A 


JJ4B 


3.16 


3.15 


-8.30 


-14.03 


JUN45 


1.36 


8.50 


11.29 


-1.32 













TABLE IV: Calculated static quadrupole moments in the 
single-j shell model space for the (jg/ 2 neutrons. Here n is 
the number of particles, I the total angular momentum, and 
v the seniority. For n=l Q sp = — 46 2 = — 17.7(/m) 2 (see text) 



n=l 


Q sp = -4fe 2 = -17.7/m 2 












Wm? 


n=2 


1=2 v=2 


-2/3 


11.797 




1=4 v=2 


-0.424 


7.686 


n=4 


1=2 v=2 


-0.221 


3.913 




1=2 v=4 


0.129 


-2.279 




1=4 v=2 


-0.141 


2.502 




1=4 v s =4 


-0.751 


13.287 




1=4 v=4 


0.495 


-8.767 



2nI=2,j)=2 



TABLE V: For various (J 
tionship of Q/Q sp for that j value. 



configurations, the rela- 



n=2 




j 


Q 

Qsp 




1=2 










3/2 









5/2 


-0.5714 






7/2 


-0.6531 






9/2 


-0.6667 






11/2 


-0.6649 






13/2 


-0.6593 






15/2 


-0.6530 
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